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Introduction
Joule heating in electronics and in physics refers to the increase in temperature of a conductor as a result of resistance to an electrical current flowing through it. But at an atomic level, Joule heating is the result of moving electrons colliding with atoms in a conductor, whereupon momentum is transferred to the atom, increasing its kinetic energy. When similar collisions cause a permanent structural change, rather than an elastic response, the result is known as electro migration. The increase in the kinetic energy of the ions manifests itself as heat and a rise in the temperature of the conductor. Hence energy is transferred from electrical power supply to the conductor and any materials with which it is in thermal contact. The conduction within and convection along the plate have a significant importance in many practical problems such as in ablation or perspiration cooling problems as well as in the heterogeneous chemical reaction situations. The natural convection process in the presence of heat transfer is present in various physical phenomena such as fire engineering, combustion modeling, nuclear energy, heat exchangers, petroleum reservoir etc. Flow of electrically conducting fluid in presence of magnetic field, temperature dependent thermal conductivity on MHD (magnetohydrodynamic) flow, inflow and outflow characteristics, heat transfer by conduction and convection problems are significant from the technical point of view. Pozzi and Lupo (1988) explored the coupling of conduction with laminar convection along a flat plate. By means of two expansions, the entire thermo-fluid dynamic field was studied. The first one, describing the field in the lower part of the plate, was a regular series. The radius of convergence of which was determined by means of Pade approximant techniques. The second expansion, an asymptotic one required a different analysis because of the presence of eigensolutions. Hossain (1992) analyzed the viscous and Joule heating effects on MHD free convection flow with variable plate temperature. The author declared that temperature varied linearly with the distance from the leading edge and in the presence of uniformly transverse magnetic field. The equations governing the flow were solved and the numerical solutions were obtained for small Prandtl numbers, appropriate for coolant liquid metal, in the presence of a large magnetic field. Mamun et al. (2007) studied combined effect of conduction and viscous dissipation on MHD free convection flow along vertical flat plate. The conjugate free convection on a vertical surface was performed by Merkin and Pop (1996) . Alim et al. (2007) investigated the Joule heating effect on the coupling of conduction with MHD free convection flow from a vertical flat plate. Elbashbeshy (2000) discussed the effect of free convection flow with variable viscosity and thermal diffusivity along a vertical plate in the presence of magnetic field. At the same year, MHD free convection flow of viscoelastic fluid past an infinite porous plate was considered by Chowdhury and Islam (2000) . Alim et al. (2008) concluded the combined effect of viscous dissipation & Joule heating on the coupling of conduction & free convection along a vertical flat plate. Ahmad and Zaidi (2004) offered the magnetic effect on oberbeck convection through vertical stratum. Rahman et al. (2008) investigated the effects of temperature dependent thermal conductivity on MHD free convection flow along a vertical flat plate with heat conduction. The numerical calculation were proceed in finite-difference method and the velocity, temperature, local skin friction co-efficient and surface temperature profiles were shown by the effect of various parameters in their paper.
In all the aforesaid analyses the effects of variable thermal conductivity with Joule heating have not been considered. The present study is to integrate the idea that the effects of variable thermal conductivity and Joule heating in presence of strong magnetic field of electrically conducting fluid with free convection boundary layer flow. This problem is the extension work of Rahman and Alim (2009) . Numerical results are displayed graphically over the whole boundary layer by the velocity, the temperature, the skin friction coefficient and the surface temperature profiles for a set of parameters M, , Pr and J. The numerical results of the local skin friction coefficient and the surface temperature profile for different values of J are also prearranged in tabular form.
Formulation of the Problem
At first we consider a steady, two-dimensional natural convection flow of an electrically conducting, viscous and incompressible fluid with temperature dependent thermal conductivity along a semi-infinite vertical flat plate of thickness b (Fig. 1) . It is assumed that heat is transferred from the outside surface of the plate, which is maintained at a constant temperature T b , where T b > T  , the temperature of the ambient fluid. A uniform magnetic field of strength H 0 is imposed along the y -axis i.e. normal direction to the surface and x -axis is chosen along the flat plate.
The governing equations (in Cartesian form) of such laminar flow with Joule heating and also thermal conductivity variation along a vertical flat plate under the Boussinesq approximations for the present problem can be written as
Here  is coefficient of volume expansion and thermal conductivity depends on temperature. It is used by Molla et al. (2005) , as follows
where   is the thermal conductivity of the ambient fluid and δ is defined by
The appropriate boundary conditions satisfying the above equations are proposed by Merkin and Pop (1996) 0 , as , 0
It is observed that the equations (2) and (3) together with the boundary conditions (5) are non-linear partial differential equations. Then equations (1) to (3) are non-dimensionalized by using the following transformations 
is reference length , Gr is the Grashof number,  is the non dimensional temperature and
Substituting the relations (6) into the equations (1) to (3), the following non-dimensional equations are attained
are Prandtl number, magnetic parameter, thermal conductivity variation parameter and Joule heating parameter respectively. These parameters are all dimensionless.
The corresponding boundary conditions (5) then take the following form
The magnitude of p governs as magnetic parameter and thermal conductivity variation parameter in the current problem. This parameter plays an important role to determine the significance of the wall conduction resistance within the wall.
To solve the equations (8) and (9) subject to the boundary conditions (10) the following transformations are used by Alim et al. (2008) ) ,
( 1 1 ) here  is the similarity variable and  is the stream function which satisfies the continuity equation and is related to the velocity components in the usual way as
Thus the subsequent equations are achieved ) ( 
From the development of numerical computation, it is essential to calculate the values of the surface shear stress in terms of the skin friction coefficient. It can be written in the subsequent non-dimensional form, which is used by Rahman et al. (2009) Using the new transformations described in (6), the local skin friction co-efficient can be specified as
The numerical value of the surface temperature profile is obtained from the following relation
Method of Solution
The goal of this work is to explore the effects of thermal conductivity variation and Joule heating of electrically conducting fluid with free convection flow along a vertical flat plate in presence of strong magnetic field. The solution of the parabolic differential equations (12) and (13) along with the boundary conditions (14) are found by using the implicit finite difference simulation together with Keller-box scheme (1978) . This is well predictable by Cebeci and Bradshaw (1984) and broadly used by Hossain et al. (1999) .
The discretization of momentum and energy equations are carried out with respect to non-dimensional coordinates x and  to convey the equations in finite difference form by approximating the functions and their derivatives in terms of the central differences in both the coordinate directions. Then the required equations are to be linearized by using Newton's Quasi-linearization method. The linear algebraic equations can be written in a block matrix which forms a coefficient matrix. The whole procedure, namely reduction to first order followed by central difference approximations, Newton's Quasi linearization method and the block Thomas algorithm, is well known as Keller-box method.
Results and Discussion
The values of the Prandtl number are considered to be 0.73, 1.73, 2.97 and 4.24. In Fig. 2 to Fig. 9 the velocity, the temperature, the local skin friction coefficient and the surface temperature profiles attained from the solutions of equations (12) and (13) The interaction of the magnetic field and moving electric charge carried by the flowing fluid induces a Lorentz force, which tends to oppose the fluid motion. In Fig. 2 , it is observed that the magnetic field acting along the horizontal direction retards the fluid velocity with other fixed values  = 0.1, J = 0.07 and Pr = 0.73. Here position of peak velocity moves toward the interface with the increase M. Consequently, the temperature within the boundary layer raises for growing values of magnetic parameter M from 0.1 to 3.7. The magnetic field decreases the temperature gradient at the wall and rises the temperature in the flow region. The variation of the skin friction coefficient C fx and the surface temperature  (x, 0) for the variation of M with Pr = 0.73, J = 0.07 and  = 0.10 at different positions is illustrated in Fig. 6 . The increased of the magnetic parameter M from 0.1 to 3.7 leads to lessen the skin friction factor of 77.82% and enlarge the surface temperature by 34.08% respectively. The magnetic field acts against the flow and reduces the skin friction and produces the temperature at the interface. friction coefficient grows monotonically along the upward direction of the plate for a particular . It is also seen that C fx and  (x, 0) increase by 10.75% and 26.20% respectively due to escalating  from 0.01 to 0.51. This is to be expected because the higher  accelerates the fluid flow and rises the temperature as mentioned in Fig. 3 . In Table 1 Table 2 depicts the comparison of the current numerical results of the skin friction co-efficient and the surface temperature with those attained by Pozzi and Lupo (1988) and Merkin and Pop (1996) . Here, the parameters M, x is chosen. Excellent agreement is achieved among present results and the numerical results of Pozzi and Lupo in 1988 and Merkin and Pop in 1996 for both the profiles inside the boundary layer. These validations boost the confidence in the numerical code to carry on with the above stated objectives of the current investigation. Table 2 : Comparison of C fx and  (x, 0) among the present results and that of Pozzi and Lupo (1988) and Merkin and Pop (1996) Skin friction co-efficient C fx 
Comparison and Code Validation

Conclusion
The influences of thermal conductivity variation due to temperature on the coupling of conduction and Joule heating with MHD free convection flow along a vertical flat plate have been offered numerically. The coupled effects of natural convection and conduction required that the temperature and the heat flux be continuous at the interface. From the present analysis the following conclusions may be drawn:
i) The velocity profile within the boundary layer rises for devalues of magnetic parameter M, Prandtl number Pr and increasing values of thermal conductivity variation parameter  and Joule heating parameter J.
ii) The temperature profile rises due to the escalating M, , J and decreasing Pr. iii) Growing values of M, Pr and falling values of , J reduce the local skin friction coefficient. iv) An increase in the values of , J and M leads to an increase in the surface temperature. Moreover this profile reduces with rising Pr.
